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a b s t r a c t 

Detailed one-dimensional computations of unsteady unstrained laminar flames subjected to sinusoidal 

equivalence ratio perturbations are presented. The responses of the flame thickness, flame speeds, species 

concentrations and the species reaction rates to equivalence ratio variations are investigated. The effect 

of stratification is quantified by comparing the structure of a stratified flame to that of an equivalent 

homogeneous mixture flame at an equivalence ratio that the stratified flame experiences. The difference 

between a flame burning into a leaner mixture or a richer mixture yields hysteresis for consumption 

speed and flame thickness in the equivalence ratio space, which becomes more prominent with stronger 

stratification, especially when the flame propagates towards a negative equivalence ratio gradient under 

fuel-lean conditions. The displacement speed and its components are analysed, with the diffusion, re- 

action rate and cross-dissipation components all showing a strong hysteresis, but with different signs, 

partially cancelling each other. The phase space responses of the scalars are compared and the differ- 

ent phase shifts are evaluated. Interestingly, these observations were not affected by the choice of the 

reaction mechanism. The effects of equal and mixture-average diffusivity assumptions on the results are 

tested, where the latter caused two times stronger hysteresis effects: the thermo-diffusive effects of heat 

and products behind the flame were found to play a significant role for laminar flame propagation in 

stratified mixtures, even for unstrained flames. The stratified flame shows significant alteration in the 

species concentrations and reaction rates, especially for the minor and product species. The response of 

the sinusoidal oscillations is compared against cases with linear mixture stratification. Even with the ab- 

sence of the compressible strain, it is demonstrated that the stratification effects heavily influence the 

flame properties and the treatment of thermo-physical transport properties has been demonstrated to be 

pivotal to the accurate prediction of this behaviour. 

© 2020 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 

1

 

r  

S  

t  

o  

b  

p  

s  

m  

p

 

t  

[  

f  

s  

[  

t  

o  

s  

[  

t  

s  

t

 

t  

t  

h

0

. Introduction 

Stratified combustion can help to meet the strict emission

equirements for internal combustion engines and gas turbines.

tratification can occur implicitly due to insufficient premixing of

he fuel and the oxidiser or explicitly through multiple injections

r staged combustion. Compared to homogeneous premixed com-

ustion, the equivalence ratio stratification affects the local flame

roperties and may enhance flame propagation and lower emis-

ions [1] . To study stratified combustion, experiments [2,3] and nu-

erical methods [4–9] have been applied. A detailed overview is

rovided in the review paper by Lipatnikov [1] . 

The flame may either propagate normal to the equivalence ra-

io gradient, which is typically observed in triple-flame structures
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10] , or burn in gradient direction, which has been investigated

or its influences on flammability limits [11] , flame propagation

peeds [5] and flame structure for various fuels including hydrogen

9] , methane [12] and iso-octane [13] . The flame propagation in

he direction of the equivalence ratio gradient can be examined in

ne dimension by analysing oscillation responses. The unsteady re-

ponse of strained flames to velocity [4] and mixture composition

6] oscillations have been documented before, but the response of

he flame propagation under unstrained conditions in one dimen-

ion is yet to be analysed in detail and the present paper addresses

his void in the existing literature. 

Industrially relevant stratified flames are usually fuel-lean, and

he flame may burn into an even leaner mixture, which is referred

o as back-supported (BS) combustion, or into a richer mixture

loser to stoichiometry, which may be called front supported (FS).

 fuel-lean BS flame propagates faster and has a thinner reaction

one [7] than a homogeneous mixture flame at the same (local)

quivalence ratio. This is due to the relatively high heat and (radi-
. 
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Fig. 1. Schematic of the stratified flame propagating in a sinusoidal equivalence ra- 

tio field with important parameters. (Not drawn to scale.) (For interpretation of the 

references to color in this figure legend, the reader is referred to the web version 

of this article.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

l  

c  

t  

s  

i  

p  

fl  

u  

h  

t  

c

 

t  

n  

t  

φ
 

P  

g  

s  

l  

m  

w  

r  

f  

a  

s  

f  

m  

o

 

p  

w  

T  

a  

s  

a  

s

 

c  

L  

o  

[  

s  

p

 

i  

t  

m  

d  

s  

e  

e

3

 

l  

λ  

b  

fi  

s  

c  

i

cal) species concentrations on the burnt side of the flame diffusing

into the leaner preheat zone. As a result, the flammability limits of

a flame in a stratified mixture can be extended [5] . 

Studying stratified mixture combustion in one-dimension is not

trivial, as many solvers do not support unsteady solutions, and

the resulting computational cost is surprisingly high. A common

method to analyse stratification effects is to artificially constrain

the flame to the stratification layer by introducing compressible

strain in a counter-flow configuration [8] , which limits such studies

to (strongly) strained cases. This is problematic for studies where

the equivalence ratio gradients occur more naturally, without im-

posed straining (e.g. in the Darmstadt and Cambridge Flames [2,3] ).

Another method allows for the flame to propagate through an

equivalence ratio gradient [5] , but, diffusion diminishes the equiva-

lence ratio gradients, yielding a rapid reduction of the stratification

effect. 

The present work takes a different approach which, albeit com-

putationally expensive, avoids these problems: a sinusoidal equiv-

alence ratio field is generated by suitable unsteady inflow condi-

tions, and a premixed stratified flame is initialised to freely propa-

gate through the mixture. This work aims to (i) analyse the un-

steady response of an unstrained flame to mixture stratification

oscillations, to (ii) test the influences of the diffusivity assump-

tions and the reaction mechanisms on the results, and to (iii) pro-

pose and demonstrate the usefulness of an alternative consump-

tion speed definition that is applicable for stratified flames. 

2. Computational setup 

To prepare the work presented here, the numerical experiment

by Cruz et al. [5] was reproduced first to ensure the quality of our

numerical techniques. A very good agreement was obtained, which

is not shown here for the sake of brevity, however, can be found

in the supplementary material. 

One-dimensional unsteady unstrained laminar flames propagat-

ing through a sinusoidal methane-air mixture at 300 K in atmo-

spheric conditions are calculated, as sketched in Fig. 1 . The upper

and lower limits of equivalence ratio are φU and φL , which are cho-

sen as stoichiometric and fuel-lean, respectively. 

The inlet velocity is controlled to establish a stabilised flame

4 mm from the inlet (approximately nine laminar flame thick-

nesses) in a homogeneous mixture at the equivalence ratio φ =
0 . 85 , so that the preheat zone is not affected by the boundary con-

ditions. The stratification oscillation around φ is then introduced

by modulating the inlet fuel mass flow-rate that matched the de-

sired inlet equivalence ratio φ0 ( t ) with a sine function of period

τw 

, velocity U w 

, wavelength δw 

= U w 

· τw 

, frequency f = 1 /τw 

and

amplitude A = (φU − φL ) / 2 : 

φ0 (t) = φ + A · sin (2 π f t) (1)
The amplitude A yields the oscillations to remain in the fuel-

ean side. It should be noted that the mass fraction of the oxidiser

hanges as the mass fraction of the fuel is modified to bring about

he change in the equivalence ratio. A fixed inlet velocity is cho-

en in such a manner that the flame would oscillate around its

nitial location. To simplify the discussion of the results, velocity,

eriod and wavelength are normalised with respect to the laminar

ame speed S l , flame time τ l and flame thickness δl . As these val-

es fluctuate in a stratified flame, fixed approximate values from a

omogeneous premixed flame at φ = 0 . 85 are used for normalisa-

ion. Hence, S l = 0 . 25 m/s and δl = 0 . 5 mm, respectively yielding a

hemical timescale of τl = δl /S l of 2 ms. 

Two cases with a linear mixture stratification layer are also

ested, and are used as references. The flame that exhibits a linear

egative equivalence ratio gradient is denoted as LBS and a posi-

ive one as LFS. The former case starts burning from a mixture of
U to φL , where the latter case is the opposite. 

The simulations were performed with the in-house solver

siPhi [14–17] , originally developed for large-eddy simulations. The

overning equations for mass, momentum, sensible enthalpy and

pecies transport were solved (without sub-grid modelling) with a

ow-storage explicit Runge–Kutta scheme in low-Mach number for-

ulation. Different cell sizes, domain lengths and time step sizes

ere tested to find an optimum setup for each case. The grid

esolution dependency on the results was identified for OH mass

ractions from one-dimensional laminar stoichiometric methane-

ir mixture simulations using 50, 25 and 12.5 μm cell sizes. The

imulations with 50 and 25 μm achieved 1.6% and 1% relative dif-

erences to the results with 12.5 μm grid cell, respectively. The do-

ain length L = 40 mm was resolved by 1600 equally sized cells

f 25 μm. 

Each simulation required 20 0 0 or 20,0 0 0 CPUh on 24 cores de-

ending on the chosen diffusivity assumption. The time step size

as as low as 4 ns, limited by the diffusion time-step criterion.

he equal diffusivity assumption was a factor of ten computation-

lly cheaper due to the larger time step size (40 ns). Each case was

imulated over three wavelengths (6 π ) to check for convergence

nd repeatability. The first wave period involved the unsteady tran-

ition of a homogeneous premixed flame to a stratified one. 

An Augmented Reduced Mechanism (ARM) for methane/air

ombustion of 19 transported and 11 quasi-steady-state species by

u and Law [18] (LL19) is employed. To check for the sensitivity

f stratification phenomena to the reaction mechanism, the GRI3.0

19] mechanism for the equal diffusivity cases was also tested. No

ignificant difference was found, and only the results from LL19 are

resented here. A brief discussion is given in Appendix B . 

Two diffusivity assumptions are tested: (i) the equal diffusiv-

ty assumption sets the mass diffusivity of all chemical species

o the thermal diffusivity, i.e. unity Lewis number, which is esti-

ated from the local mixture properties. (ii) The mixture-average

iffusivity assumption employs individual mass diffusivity for each

pecies that depends on the temperature and the thermal differ-

ntial diffusion. The former assumption is typically used for mod-

lling turbulent stratified combustion cases, e.g. [20] . 

. Definitions and equations 

A stratification indicator λ = δw 

/δl is considered as the equiva-

ence ratio wavelength over the laminar flame thickness. A value of

≈ 3 is typical of the stratification layer of the well-known Cam-

ridge turbulent stratified flame experiment [3] . Similarly, a strati-

cation thickness δS is introduced as δS = (φU − φL ) / |∇φ| max . The

tratification indicator λ is estimated a priori, whereas the stratifi-

ation thickness δS provides a posteriori quantification of the strat-

fication strength. 



E. Inanc, N. Chakraborty and A.M. Kempf / Combustion and Flame 219 (2020) 339–348 341 

Table 1 

Overview of tested cases. The first letter of each name denotes if the case consists 

of a sinusoidal wave for S or a linear wave for L . 

Name diff. mech. φL 
f 

φU 
f 

U w / S l τ w / τ l λ f /Hz δS / δl 

S1LL equal LL19 0.849 0.851 1.0 1.25 1.25 400 0.23 

S2LL equal LL19 0.849 0.851 1.0 1.67 1.67 300 0.30 

S3LL equal LL19 0.847 0.853 1.0 2.5 2.5 200 0.48 

S4LL equal LL19 0.842 0.858 1.0 3.33 3.33 150 0.60 

S5LL equal LL19 0.82 0.88 1.0 5 5 100 0.92 

S10LL equal LL19 0.76 0.94 1.0 10 10 50 2.32 

S40LL equal LL19 0.7 1.0 1.0 40 40 12.5 4.75 

S5LD mixt. LL19 0.8 0.87 1.2 4.2 5 100 0.97 

S10LD mixt. LL19 0.73 0.92 1.2 8.3 10 50 2.42 

S40LD mixt. LL19 0.68 0.97 1.2 33.3 40 12.5 4.71 

S5LG equal GRI3 0.82 0.88 1.0 5 5 100 0.92 

S10LG equal GRI3 0.76 0.94 1.0 10 10 50 2.32 

S40LG equal GRI3 0.7 1.0 1.0 40 40 2.5 4.68 

LBS equal LL19 0.7 1.0 1.0 0.6 0.6 – 0.52 

LFS equal LL19 0.7 1.0 0.8 0.75 0.6 – 0.48 
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The local equivalence ratio φ is computed from the local mix-

ure fraction ζ defined by Bilger [21] . For further details, please

efer to Appendix A and Eqs. (A .1 ) and ( A .2 ). This equivalence ra-

io allows an unambiguous definition of the composition in the

ame [5] . The equivalence ratio φf that the flame experiences cor-

esponds to the location of the highest heat release within the

ame. For short wavelengths δw 

, the diffusive fluxes can reduce

he amplitude of stratification, so that the flame experiences differ-

nt upper and lower limits in comparison to those set at the inlet;

hey are labelled as φU 
f 

and φL 
f 
, respectively. The aforementioned

nformation is summarised in Table 1 . 

For a premixed flame, reaction progress variable can be de-

ned as C = (Y u 
R 

− Y R ) / (Y 
u 
R 

− Y b 
R 
) : The indices u and b denote the

ass fraction values in the fresh reactants and fully burned prod-

cts, respectively, and R denotes the reactants. Therefore, the re-

ction rate of the reaction progress variable can be expressed as

˙  C = − ˙ ω R / (Y 
u 
R 

− Y b 
R 
) , where ˙ ω R is the reaction rate of the reac-

ants. In stratified flames, the values in the fresh reactants and fully

urned products are not fixed, hence, the local equivalence ratio

an be used to define these quantities. Thus for stratified flames,

 can be defined in the following manner in terms of oxygen (as

eactant) mass fraction as: 

 = 

Y O 2 (φ) u P − Y O 2 

Y O 2 (φ) u 
P 

− Y O 2 (φ) b 
P 

(2) 

The unburnt Y u and burnt Y b mass fractions are taken from

teady unstretched laminar homogeneous mixture flame calcula-

ions at the local equivalence ratio of the unsteady flames, in-

icated by subscript P (perfectly premixed). Three ranges of the

rogress variable will be considered in the discussion: the preheat

one 0.02 < C < 0.6, the inner reaction zone 0.6 < C < 0.85, and

he burnout zone 0.85 < C < 0.98. The ranges of C considered here

or demarcating different flame zones are guided by previous a pri-

ri analyses [20] . The change in the definition of reaction progress

ariable may alter the ranges of C used for demarcating different

ones within the flame. However, this is done as a post-processing

xercise because a transport equation for C is not solved but C is

onstructed from the mass fraction fields and thus choices of C

anges for the different zones do not alter the results presented

ere. Indeed, the analysis has been performed using fuel mass frac-

ion Y CH 4 for the definition of C , but the results are omitted for

revity since the qualitative outcome is the same. 

The conventional definition of the consumption speed of a

pecies α in the case of fuel-lean or stoichiometric mixture (i.e. for

≤ 1.0) is given in terms of the reaction rate of this species ˙ ω α, 
nburnt density ρu and species mass fraction in the unburnt mix-

ures Y u α (because Y b α = 0 for fuel-lean/stoichiometric combustion)

s [5] : 

 c,α = 

1 

ρu · Y u α

∫ + ∞ 

−∞ 

− ˙ ω αdx (3) 

For fuel-lean/stoichiometric premixed flames, this Eq. (3) can

e rewritten as: 

 c,α = 

∫ + ∞ 

−∞ 

˙ ω C 

ρu 
dx (4) 

here ˙ ω C = − ˙ ω α/Y u α is the reaction rate of reactant based reaction

rogress variable C for fuel-lean or stoichiometric premixed com-

ustion. The expression given by Eq. (3) does not consider the

ixture inhomogeneity within the flame, especially for the cases

ith variable diffusivities, and depends on species mass fraction

n the unburnt gas which is not a constant value in the stratified

ames [4] . By contrast, Eq. (4) does not need the species mass

raction values in the unburnt gas and can be applied as long as

he reaction rate of progress variable and unburnt gas density val-

es are provided. Hence, Eq. (3) is extended in our analysis to

olve these issues as the consumption speed of a species α is de-

ned by integrating the reaction rate ˙ ω α in the flame normal di-

ection, and unburnt density ρ(φ) u 
P 

and the mass fractions in the

urnt and unburnt mixtures Y α( φ) P are obtained from a corre-

ponding (precalculated) homogeneous mixture flame calculation 

s: 

 c,α = 

∫ + ∞ 

−∞ 

− ˙ ω α

ρ(φ) u 
P 

· [ Y α(φ) u 
P 

− Y α(φ) b 
P 
] 
dx (5) 

Previous studies [8] used the definition given by Eq. (3) ,

hereas the rewritten form of it in Eq. (4) becomes consistent

ith the extended consumption speed expression in Eq. (5) . This

xtended formulation enables us to include an unambiguous defi-

ition of the species mass fraction in the burnt mixture, especially

mportant for fuel-rich stratified flames. The simulations in this

ork employ the the extended definition of consumption speed of

q. (5) . 

Our analysis also considers two flame thicknesses based on the

radients of the temperature ( δl,T ) and of the progress variable

 δl,C ): 

l,T = 

T (φ) b P − T (φ) u P 

|∇T | max 
, δl,C = 

1 

|∇C| max 
(6) 

The effects of stratification on the reaction-diffusion balance

nd local flame propagation can be analysed using the density-

eighted displacement speed S d 
∗ [8] for the systems with Fickian

iffusion: 

 d 
∗ = 

∇ · (ρD C ∇C) 

β︸ ︷︷ ︸ 
T 1 

+ 

˙ ω C 

β︸︷︷︸ 
T 2 

+ 

2 ζ−1 ρD C ∇ C · ∇ ζ

β︸ ︷︷ ︸ 
T 3 

(7) 

The components T 1 and T 2 represent diffusion and reaction rate

ontributions, respectively, and T 3 represents the cross-dissipation

omponent that accounts for the flux of mixture fraction normal

o the flame. Interested readers are directed to Bray et al. [22] for

he origin of the term T 3 . The diffusivity of the progress vari-

ble and the density-weighted reaction progress variable magni-

ude are given as D C and β = ρ(φ) u 
P 
|∇C| , respectively. The diffu-

ivity and the reaction rate of the species, which is used to define

he progress variable, are used for the evaluation of D C and ˙ ω C ,

espectively. The density-weighted displacement speed is equal to

he laminar burning velocity for unstretched premixed flames in

ne-dimension. 

The cross-dissipation component T 3 in Eq. (7) needs to be

orrected for the simulations with variable diffusivity assumption
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Fig. 2. Density-weighted displacement speed S d 
∗ (a) and its components T 1 −3 (b)–

(d) over φf for equal diffusivities for C = 0 . 8 iso-line. Corresponding computations 

for homogeneous mixture are denoted as HG. Cyan lines denote the linearly strati- 

fied cases for comparison. (For interpretation of the references to color in this figure 

legend, the reader is referred to the web version of this article.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Species mass fractions over φf for three zones with equal diffusivities. Cor- 

responding computations for homogeneous mixture are denoted as HG. Cyan lines 

denote the linearly stratified cases for comparison. The star symbol marks signifi- 

cant results. (For interpretation of the references to color in this figure legend, the 

reader is referred to the web version of this article.) 
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since the equivalence ratio computed from the elemental mixture

fraction is not uniform in the reaction zone of the flame ( Fig. A.12 )

as previously reported by Bray et al. [22] . The correction of the

cross-dissipation component T 3 requires precomputation of this

term by elemental mixture fraction from a homogeneous mixture

solution with a variable diffusivity assumption. The expression of

S d 
∗ for the variable diffusivity assumption is: 

S ∗d = 

∇ · (ρD C ∇C) 

β
+ 

˙ ω C 

β
+ 

2 ρD C ∇C 

β

[ ∇ζ

ζ
− ∇ζ (φ) P 

ζ (φ) P 

] 
(8)

The mixture fraction and its gradient from the homogeneous mix-

ture solution are denoted as ζ ( φ) and ∇ζ ( φ), respectively. These

two quantities, ζ ( φ) and ∇ζ ( φ), use the elemental mass fraction

definition ( Appendix A ) applied to the equivalent homogeneous

mixture computation. This correction of cross-dissipation compo-

nent T 3 in Eq. (8) can only be applied if the flame propagates in

equivalence ratio gradient direction. 

4. Stratified flame dynamics using equal diffusivities 

The density-weighted displacement speed S d 
∗ and its compo-

nents T 1 −3 defined in Eq. (7) are presented in Fig. 2 : due to

the stratification, these quantities are no longer unique function

of equivalence ratio: they ‘orbit’ around the homogeneous mixture

solutions, indicating a hysteresis. The area within the orbit or the

deviation from the homogeneous mixture flame depends on the

wavelength and amplitude of the stratification. The direction of the

orbit (circular arrow in each figure) indicates the sign of the phase

shift: a quantity ψ (e.g. S d 
∗ in Fig. 2 (a)) lagging behind the equiva-

lence ratio signal φ will show a counterclockwise orbit, unless the

quantity ψ is computed from gradients (e.g. T 1 of S d 
∗ in Fig. 2 (b)),

which will experience the opposite effect. 

All the components of S d 
∗ (i.e. T 1 , T 2 and T 3 ) exhibit hysteresis,

but orbit in different directions, and as a result, partially compen-

sate each other. The high heat release behind the BS flame makes

the reaction rate component orbit in a counter-clockwise direction,

whereas, the diffusion component orbits in the opposite direction

due to the steeper diffusive flux-gradient of the thinned flame.

The flame burning towards the negative equivalence ratio gradi-

ent in BS mode causes the cross-dissipation component T to or-
3 
it in counter-clockwise direction. Since this term is the first-order

erivative of the equivalence ratio, the orbit shows an almost cir-

ular pattern. 

The response of all of the components of S d 
∗ to the sinusoidal

scillations are similar to the ones in a linear mixture wave (cyan

ines in Fig. 2 ). Similarly, the sinusoidal cases in FS mode show

esemblance to the LFS case.The Term T 3 for the linear cases (LBS

nd LFS) do exhibit more or less circular T 3 distribution over the

quivalence ratio space due to the linear variation of the mixture

raction gradient. 

All of the analysed quantities, except the cross-dissipation com-

onent, show stronger hysteresis close to the stoichiometric mix-

ure due to the higher heat release of the richer mixture that can

upport the flame more than the leaner mixtures with lower heat

elease. This explains the strong hysteresis towards the richer mix-

ures, but not at the locations where the equivalence ratio gradient

ttains its maximum magnitude. 

The mass fractions of H 2 , OH, CO and CO 2 are shown for the

reheat, inner reaction and burnout zones in Fig. 3 for equal dif-

usivities. The responses of the composition oscillations to the si-

usoidal cases resemble greatly to the linear ones, especially dur-

ng the FS mode. The directions of the orbits seem to interchange

etween species and the flame zones. Hydrogen H 2 concentra-

ions only exhibit hysteresis in the burnout zone. The preheat zone

hows hysteresis mainly in terms of OH and CO 2 concentrations.

he species concentrations in the inner reaction zone are almost

ysteresis-free. 

The concentration variations in the preheat zone are only lim-

ted for some of the species such as OH and CO 2 , whereas most of

he variations happen in the burnout zone. This should not be con-

used with the strength of the hysteresis since the species that are

nder a considerable phase shift in the preheat zone have a very

ow local concentration. However, for the species such as H 2 and

O that have locally similar concentrations both in preheat and
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Fig. 4. Species reaction rates over φf for three zones with equal diffusivities. Cor- 

responding computations for homogeneous mixture are denoted as HG. Cyan lines 

denote the linearly stratified cases for comparison. The star symbol marks signifi- 

cant results. (For interpretation of the references to color in this figure legend, the 

reader is referred to the web version of this article.) 
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Fig. 5. Density-weighted displacement speed S d 
∗ (a) and its components T 1 −3 (b)–

(d) over φf for variable diffusivities for C = 0 . 8 iso-line. The density-weighted dis- 

placement speed from Eq. (7) for S10LD is illustrated by the grey line for reference. 

Corresponding computations for homogeneous mixture are denoted as HG. (For in- 

terpretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 
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urnout zones, the hysteresis effects are only visible in towards

he burnout zone. The hysteresis effects for some species in the

reheat zone have been similarly present in the cases with strain

ate fluctuations [4] , thus exhibiting similarities to the present case

ithout strain. 

The reaction rates of the aforementioned species are shown in

ig. 4 . Hydrogen H 2 and the hydroxyl radical OH exhibit a strong

ysteresis in both the preheat and inner reaction zones and some

ysteresis in the burnout zone. The H 2 and OH species in the in-

er reaction zone seem to be the most affected species due to

quivalence ratio stratification. The reaction rates of CO and CO 2 

xhibit a minor hysteresis in the inner reaction zone. The burnout

one, however, exhibits a hysteresis for all of the reaction rates.

he species mass fractions and the reaction rates show the largest

ysteresis around φ = 0 . 9 . 

In the inner reaction zone, it seems that the sinusoidal reac-

ion rate profiles are constrained from the upper and lower limits

f the equivalence ratio, thus, the reaction rates of the sinusoidal

ase, e.g. OH, deviate from the so-called limits of linear cases to-

ards the mean equivalence ratio φ. This observation can partially

e seen in the burnout zone. 

During the BS mode, the excessive heat and products behind

he flame support the reaction zone, leading to flame thinning. The

hermal diffusion towards the interior of the flame creates addi-

ional highly reactive species such as O, H and OH. The increased

ocal heat release and addition of the reactive species augment the

onsumption rate of reactants (mostly O 2 ). Hence, the formation

f products in the preheat and inner reaction zones are enhanced

orbit in a counter-clockwise direction). However, the quickly de-

leted reactants limit the formation of the products in the burnout

one (shift of orbit to clockwise direction). The changes in the pre-

eat zone also affect the ignition-related species (CH 2 O and HO 2 ),

s illustrated in Fig. S3 of the supplementary material. 
. Stratified flame dynamics using mixture-average diffusivities 

The effects of the variable diffusivity assumption on stratified

ames have been investigated for turbulent flames by DNS in two

23] and three-dimensions [24] and by experiments [25] . A de-

ailed study of the effect of variable diffusivity on flame chem-

stry has been performed by Hilbert et al. [26] . These analyses sug-

est that it is worthwhile to investigate the cases investigated here

gain for variable diffusivities to examine their influences on the

esults. The local mixture fraction now exhibits slight deviations

ithin the flame due to the faster transport of light species (as in

ig. A.12 ). This yields slightly lower equivalence ratios in the inner

eaction zone than in the preheat zone. Therefore, the equivalence

atio of the flame φf is recomputed on the investigated progress

ariable iso-line. 

The density-weighted displacement speed S d 
∗ for C = 0 . 8 is pre-

ented in Fig. 5 for variable diffusivities. The density-weighted dis-

lacement speed S d 
∗ in Fig. 5 (a) is always higher than the equiv-

lent homogeneous mixture value due to the uncorrected positive

ross-dissipation component T 3 from Eq. (7) . This issue is avoided

y the proposed density-weighted displacement speed S d 
∗ accord-

ng to Eq. (8) . Neglecting this correction yields 4.4% overestimated

ensity-weighted displacement speed. 

The hysteresis of these three terms has similar strengths and

heir orbit directions remain unchanged, however, the hystereses

re now clearly more prominent. The phase shift of Term T 3 using

ariable diffusivities is a factor of four less than the shift when us-

ng equal diffusivities. However, the stronger hysteresis in diffusion

nd reaction rate components using variable diffusivities compen-

ates this loss from Term T 3 . 

The mass fractions of H 2 , OH, CO and CO 2 are presented in

ig. 6 for the preheat, inner reaction and burnout zones. In the pre-

eat zone, the inclusion of variable diffusivities yields a hysteresis

or the species that have not exhibited hysteresis with equal dif-

usivities. The H 2 and OH species are explicitly analysed for the

referential diffusion effects in stratified flames. In the preheat

one, the CO 2 concentration of the strongly stratified cases (S5LD

nd S10LD) follows a different path than for the weakly stratified

40LD case. The hysteresis of the diffusive fluxes of CO 2 is proba-

ly responsible for this behaviour. The light species H 2 (and H) also

how a prominent increase of the hysteresis due to the preferential

iffusion, but only towards the preheat and inner reaction zones.

he concentration of the species H , OH, CO are slightly higher in
2 
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Fig. 6. Species mass fractions over φf for three zones with variable diffusivities. 

Corresponding computations for homogeneous mixture are denoted as HG. The star 

symbol marks significant results. (For interpretation of the references to color in 

this figure legend, the reader is referred to the web version of this article.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7. Species reaction rates over φf for three zones with variable diffusivities. Cor- 

responding computations for homogeneous mixture are denoted as HG. The star 

symbol marks significant results. (For interpretation of the references to color in 

this figure legend, the reader is referred to the web version of this article.) 

Fig. 8. Consumption speed (a) and flame thickness (b) response to the sinusoidal 

equivalence ratio wave for equal diffusivity. The amplitudes are qualitative. Period 

is discretized into BS and FS modes. Corresponding computations for homogeneous 

mixture are denoted as HG. (For interpretation of the references to color in this 

figure legend, the reader is referred to the web version of this article.) 
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these zones compared to the cases with equal diffusivities, which

leads to strengthening of the observed hysteresis. 

Strong hysteresis of the species reaction rates in the preheat

zone using variable diffusivities follows the trend observed in the

species concentrations. During the BS mode, the consideration of

the variable diffusivities greatly enhances the production rates of

highly reactive species O, H, H 2 and OH. This high reaction rates

in the preheat zones using variable diffusivity assumption are ex-

pected, but, this is now combined with stronger hysteresis as well.

This enhanced production of reactive species leads to a signifi-

cant increase in the consumption rate of the fuel and air, giving

rise to eventual flame thinning. The enhanced diffusive fluxes of

the thinned flame are likely to be responsible for suppressing the

hysteresis in the burnout zone. It should be noted that the major

product species H 2 O follows a similar trend as CO and CO 2 , and

was omitted for brevity. 

The response of the unstrained stratified flames to the low-

frequency mixture oscillations exhibits quasi-steady behaviour for

the cases with equal diffusivities, as similar to the strained strat-

ified flames [6] . Considering variable diffusivities reveals that the

light species, e.g. H 2 , in the inner reaction zone exhibits an un-

steady behaviour, which implies that some statistical variations

in the orbits during the wave-cycles are likely to be evident

( Fig. 7 (a2)). Only the light species H and H 2 for cases with slightly

higher oscillation-frequency show this trend. This sole observa-

tion could not have been made for the flames under compressible

strain, which suppresses the thermal activity of the light species

due to enhanced diffusion caused by strain. However, this observa-

tion might not play a significant role in turbulent stratified flame

modelling, as most of the features of a stratified flame that burns

towards the mixture gradient direction, can be well-captured with

a reduced chemical mechanism and equal diffusivity assumption. 
. Implications for consumption speed and flame thickness 

Simulations of combustion often require dimension reduction

echniques, e.g. [20] . For example, the popular reduction method

abulation techniques relies on an accurate description of flame

ropagation speed and thermal flame thickness. In this section, the

opular methods to compute the flame speed and thickness and

he consequences of neglecting stratification effects on the results

ill be discussed. Once again, we stress that this analysis is only

arried out for flames propagating towards the equivalence ratio

radient. 

The responses of the consumption speed S c (based on oxidiser

ass fraction) and flame thickness δl (based on temperature gra-

ient) to the sinusoidal oscillations of equivalence ratio are illus-

rated in Fig. 8 . The time series of these scalars are compared

o the values that would result from the equivalent homogeneous

ixture computations. Both the consumption speed and the flame

hickness are shifted to the right, meaning that their responses are

elayed. The estimated phase shifts of S c and δl,T are 5 o and 9 o ,

espectively. 

The sinusoidal equivalence ratio and its responses (consumption

peed, flame thickness) intersect in every maximum and minimum

f φ (where the local stratification is zero), which is only possible
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Fig. 9. Consumption speed based on fuel (a) and oxidiser (b) and flame thickness 

based on the gradients of T (c) and C (d) over φf for equal diffusivities. Correspond- 

ing computations for homogeneous mixture are denoted as HG. Consumption speed 

based on fuel computed with Eq. (3) for S40LL is illustrated with grey line as an 

example. Cyan lines denote the linearly stratified cases for comparison. BS and FS 

modes are shown. The circular arrows indicate the direction of the orbit. (For inter- 

pretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 
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Fig. 10. Consumption speed (a) and flame thickness (b) response to the sinusoidal 

equivalence ratio wave for variable diffusivity. The amplitudes are qualitative. Period 

is discretized into BS and FS modes. Corresponding computations for homogeneous 

mixture are denoted as HG. (For interpretation of the references to color in this 

figure legend, the reader is referred to the web version of this article.) 
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f the responses have a higher amplitude. These are actually de-

ormed waves, with distinct phase shifts. This deformation alters

he mass and energy balance of the system, hence, some quanti-

ies respond quicker to the equivalence ratio signal φ (e.g. CO 2 in

igs. 3 or 6 ). The mean direction of the shift has been reported

herever necessary. Since the cases presented in this work use a

onstant wave-velocity, the time for the fuel to travel through the

ame decreases with increasing λ. However, the phase shift for the

ases with different oscillation frequencies is of the same magni-

ude. This is contrary to the previous findings for strained flames,

here the phase shift is amplified with decreasing residence time

f the fuel in the flame [6] . The diffusion could attenuate the phase

hift under high frequencies [6] , but not for the present cases with

onsiderably low frequencies. Oscillation frequency dependency on

he stratification effects are discussed in Appendix C . 

Figure 9 (a) shows that the consumption speed based on fuel

eaction rate does not exhibit any hysteresis, whereas the con-

umption speed based on oxidiser reaction rate ( Fig. 9 (b)) is clearly

nfluenced by the stratification: it deviates approximately 1% from

he homogeneous mixture case. The absence of the hysteresis in

he consumption speed can be attributed to the employed modi-

ed definition of the consumption speed in Eq. (5) , where a con-

entional consumption speed formulation given in Eq. (3) does ex-

ibit a hysteresis (i.e. grey line in Fig. 9 (a)). When assuming equal

iffusivities, the phase of the flame response to the oscillations

ynchronises almost perfectly to the locally integrated fuel reaction

ate and the unburnt mass fraction. The integrated unburnt density

oes not influence the hysteresis since its local variations are neg-

igible. If the mass flow-rate of the oxidiser were varied to generate

he equivalence ratio stratification instead of the mass flow-rate of

he fuel, then Eq. (5) with the oxidiser properties would yield a

ysteresis-free behaviour, but, only when using equal diffusivities

or species. Furthermore, the BS mode appears to cause a larger

eviation from the homogeneous mixture case than the FS mode. 

Figure 9 (c) and (d) shows the large hysteresis in the flame

hickness, with deviations of up to 3% from the homogeneous mix-

ure case. The thickness based on temperature gradient exhibits

 stronger hysteresis than the one based on the progress variable
radient. This is associated to the thickness of the temperature and

he progress variable layers, where the consumption speed layer of

he oxidiser is slightly narrower than the thermal zone, which is

reviously discussed for strained flames [6] . 

The sinusoidal cases are compared against the cases with lin-

ar mixture stratification LBS and LFS for equal diffusivities. The

yan lines in Fig. 9 indicates that the response of the flame to a

inear stratification layer is very similar to a sinusoidal one. Since

he stratification thicknesses δS of the linear cases are consider-

bly lower than the sinusoidal ones (a factor of four smaller), the

hase shift for linear cases is expected to be much stronger than

he sinusoidal ones, as observed for hydrogen flames [9] . The LBS

ase with BS properties exhibits only slightly stronger hysteresis

han the sinusoidal one, whereas the hysteresis strength of the LFS

nd sinusoidal wave during the FS mode are almost the same. The

ysteresis strength depends on the deviation of the stratified mix-

ure results from the equivalence homogeneous mixture results,

nd is not correlated to the stratification strength. This supports

he previous findings for the strong correlation between the strat-

fication effects and the heat release [8] . However, we do not ob-

erve a strong correlation between the stratification thickness δS 

nd the hysteresis strength in these unstrained cases. Due to the

igher propagation speeds and thinner reaction zones, more effi-

ient combustion is expected for the stratified flames that burn in

 wider equivalence ratio space close to the stoichiometry, stress-

ng that this observation is made for unstrained one-dimensional

onfigurations. 

The responses of the consumption speed (based on oxidiser

ass fraction) and flame thickness (based on temperature gradi-

nt) to the sinusoidal oscillations are illustrated in Fig. 10 , but this

ime for variable diffusivities. The time series of these scalars are

ompared to the values that would result from the equivalent ho-

ogeneous mixture computations. The direction of the shift is the

ame as in the equal diffusivity case ( Fig. 8 ), however, the mag-

itude of the shifts are now more apparent: the estimated phase

ngles of S c and δl between these waves are 7 o and 16 o , respec-

ively. 

Figure 11 shows the consumption speed S c and the flame thick-

ess δl resulting from the sinusoidal equivalence ratio variation. A

ysteresis is now apparent for the consumption speed based on

uel reaction rate, which can deviate up to 4% from the equiva-

ent homogeneous mixture case. The phase shift of the consump-

ion speed is clearly reduced by employing the modified defini-

ion of the consumption speed in Eq. (5) (conventional definition

s the grey line in Fig. 9 (a)). The hysteresis of the consumption

peed based on oxidiser reaction rate is again larger than the fuel-

ased one. Similar to the equal diffusivity cases, the hysteresis is

ore prominent for the S10LD case than in the S5LD and S40LD

ases. The flames for the variable diffusivity calculations thicken

ore compared to their equal diffusivity counterparts, and devi-

tions can be as high as 7%. These hystereses are enhanced by a

actor of two compared to the equal diffusivity cases, while, the

irections of the orbits remain the same. However, the response
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Fig. 11. Consumption speed based on fuel (a) and oxidiser (b) and flame thickness 

based on T (c) and C (d) over φf for variable diffusivities. Corresponding computa- 

tions for homogeneous mixture are denoted as HG. Consumption speed based on 

fuel computed with Eq. (3) for S10LD is illustrated with grey line as an example. 

(For interpretation of the references to color in this figure legend, the reader is re- 

ferred to the web version of this article.) 
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of the flame to different stratification thicknesses δS when using

equal or variable diffusivities are quite similar, only amplified in

strength, contrary to the stratified hydrogen flames [9] . 

Using the conventional definition of the consumption speed (i.e.

Eq. (3) ) exhibits large departure from the laminar flame speed of

the equivalent homogeneous mixture by a large margin, which can

be avoided by the extended consumption speed definition ( Eq. (5) ).

For the laminar flame thickness, the choice of the species is of

great importance for the stratified flames since the thickness of the

progress variable layer and the strength of the hysteresis are cor-

related. One might argue, however, that the flame thickness com-

puted with the gradient of the temperature is perhaps not appro-

priate for stratified flames due to the non-unique definition of the

adiabatic flame temperature. 

7. Conclusions 

Detailed one-dimensional simulations of unsteady unstrained

laminar flames subjected to both linear and sinusoidal equiva-

lence ratio perturbations have been conducted. Greater amplitudes

and shorter wavelengths of sinusoidal equivalence ratio variations

led to stronger stratification effects and subsequently gave rise to

greater phase shifts between the equivalence ratio oscillations and

the responses of species concentrations and flame properties. How-

ever, in the absence of compressible strain, the stratification effects

in high frequencies were limited to the diffusive fluxes. 

When shown in equivalence ratio space, the phase shift caused

a hysteresis or an orbit. The consumption speed, flame thickness

and density-weighted displacement speed showed strong hystere-

sis in the equivalence ratio space. The trajectories of the leading or-

der components of the density-weighted displacement speed were

in opposite directions in the equivalence ratio space, partially com-

pensating the hysteresis effect for the net density-weighted dis-

placement speed. 

The presented results demonstrated that the unstrained flames

propagating into stratified mixtures exhibit a significant amount of

unsteady response, even for relatively low frequencies. The phase

response caused by the stratification oscillations is reflected in de-

formed waves as the system tried to balance itself. As a result, the
ajor species mass fractions in the preheat zone showed quicker

esponses than the equivalence ratio signal. 

The stratification effects were significantly enhanced in strength

hen the equal diffusivity assumption was replaced by more real-

stic (mixture-average) diffusivity assumption. However, the quali-

ative nature of the results does not change significantly as a result

f the changes in species diffusivity treatment and thus it can be

xpected that these effects will not play a significant role in the

imulation of turbulent stratified flames. However quantitatively,

he preferential diffusion enhances the stratification effects by a

actor of two, especially important for the accurate predictions of

ame propagation. 

It was demonstrated here that eliminating ambiguous quanti-

ies are advantageous for the analysis of unsteady responses of

he consumption speed and flame thickness. The progress variable

hoice had a substantial impact on the strength of the hysteresis,

hich depended on the thickness of the progress variable layer.

 correction to the displacement speed was suggested and it has

een demonstrated to remove the dependency between the dis-

lacement speed and the definition of the equivalence ratio in the

ame. This correction could be particularly useful for the mod-

lling of the stratified flames under the assumption of variable dif-

usivities. 

The evaluation of the detailed and the reduced mechanism for

he unsteady responses led to stratification effects of the same

trength, hence, numerical simulations of the stratification effects

an be conducted using reduced chemical mechanisms without

acrificing the accuracy. 
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ppendix A. Mixture fraction 

The mixture fraction ζ based on elemental mass fraction defi-

ition proposed by Bilger [21] and applied to stratified flames by

ruz et al. [5] is given as: 

= 

ζC 

νC W C 
+ 

ζH 

νH W H 
+ 2 

ζO, 2 −Z O 

νO W O 

ζC, 1 

νC W C 
+ 

ζH, 1 

νH W H 
+ 2 

ζO, 2 

νO W O 

(A.1)

This formulation is valid for a general hydrocarbon combus-

ion with nitrogen content used as a diluent. In Eq. (A.1) , ν i is

he stoichiometric coefficient, W i is the molecular weight, ζ i is the

ass fraction of element i inside an imaginary stream j , where fuel

nd oxidiser streams are denoted with subscript 1 and 2, respec-

ively. Methane as the hydrocarbon has these values νC = 1 , νH = 4

nd νO = 4 . Elemental mass fractions ζ i are computed by adding

he contributions of all species that contain the element i , as ζi =
(W i /ρ) 

∑ N species 

k =1 
n i,k C k , where n i,k is the number of atoms and C k 

s the molar concentration of species k . The fuel and air stream

f elemental mass fractions are then Z C, 1 = W C / (W C + 4 W H ) , Z H, 1 =
 W H / (W C + 4 W H ) and Z O, 2 = W O / (W O + 0 . 79 / 0 . 21 W N ) . The equiva-

ence ratio φ can be defined using a stoichiometric mixture frac-

ion of ζST = 0 . 055 for methane-air combustion as: 

= 

ζ

1 − ζ

1 − ζST 

ζST 

(A.2)

The equivalence ratio φ defined by Eq. (A.2) has a constant

alue in the reaction zone for simulations using equal diffusivity
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Fig. A.12. Bilger’s elemental mixture fraction ζ [21] with elemental mass fractions 

Z i over the physical space (a) and the progress variable C (b) for a stoichiometric 

methane-air premixed mixture flame. Straight and dashed lines represent the cases 

with mixture-averaged and equal diffusivity assumptions, respectively. (For inter- 

pretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 
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Fig. C.14. Non-dimensional stratification thickness (a) and maximum attenuation of 

the density-weighted displacement speed S d 
∗ (b) over the tested frequencies. Black 

and red dots represent the cases using equal and variable diffusivities, respectively. 

(For interpretation of the references to color in this figure legend, the reader is 

referred to the web version of this article.) 
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ssumption. However, the elemental mass fractions show varia-

ions when using mixture-averaged diffusivity assumption, as pre-

ented for stoichiometric methane-air flame in Fig. A.12 . Thus, the

imulations that apply variable diffusivities must account for the

on-uniformity of φ over the reaction zone, as discussed in this

ork. 

ppendix B. Mechanism comparison 

Figure B.13 presents the comparisons between the mechanisms

eveloped by Lu and Law [18] (LL19) and GRI3.0 [19] for equal dif-

usivity assumption. By using a reduced mechanism, a speed-up of

 factor of four is achieved compared to GRI3.0. As can be seen in

ig. B.13 , both mechanisms are in very good agreement in terms of

ysteresis strength. 

ig. B.13. Consumption speeds based on fuel (a) and oxidiser (b) and flame thick-

esses based on temperature (c) and progress variable (d) with φ f using equal diffu-

ivities with different reaction mechanisms. The corresponding homogeneous mix-

ure computations for the same flame equivalence ratio φf are denoted as HG. (For

nterpretation of the references to color in this figure legend, the reader is referred

o the web version of this article.) 

ppendix C. Cut-off frequencies 

Non-dimensional stratification thickness δS / δl and maximum

ttenuation of the density-weighted displacement speed A (S ∗
d 
) over

he tested frequencies are demonstrated in Fig. C.14 . The maximum

ttenuation is given in percentage difference of a scalar in a strat-

fied mixture flame to the corresponding homogeneous mixture
ame calculation. The frequency-domain in Fig. C.14 is constructed

sing seven and three samples from equal and variable diffusivity

ases, respectively. 

Figure C.14 (a) shows that the non-dimensional stratification

hickness δS / δl rapidly reduces up to 200 Hz. For frequencies

igher than 200 Hz, the diffusion attenuation limits the equiv-

lence ratio gradients. Hence, the stratification thickness can as-

ume small values as the diffusion limit in the absence of com-

ressible strain. It is also evident that the stratification thickness

S for both equal and variable diffusivities follow the same trend. 

Two cut-off frequencies can be identified from Fig. C.14 (b). The

requency when the A (S ∗
d 
) becomes maximum is the lower cut-off

requency, and the upper cut-off frequency is when A (S ∗
d 
) is as low

s 0.1%. The lower cut-off limit is projected as 35 Hz for both equal

nd variable diffusivity assumptions. It is estimated that the vari-

ble diffusivity cases have a factor of two larger maximum atten-

ation than the equal diffusivity ones, as a result, the upper cut-

ff frequencies using variable diffusivities is estimated 25 Hz more

han the upper cut-off limit using equal diffusivities. Compared to

he theoretical upper cut-off limit f u of 50 0 0 Hz estimated for the

trained methane-air mixture flames at φ̄ as f u = ln (0 . 1) 2 S 2 
L 
/π/D

6] , the upper cut-off frequency for unstrained flames is as low as

50 Hz due to the action of the diffusive fluxes. 

upplementary material 

Supplementary material associated with this article can be

ound, in the online version, at doi: 10.1016/j.combustflame.2020.

6.009 . 
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