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a b s t r a c t 

Sparse, iterative simulation methods for one-dimensional laminar flames are proposed. The resulting 

steady and unsteady flame solvers exploit approximate Jacobians to greatly reduce the computational 

cost associated with matrix operations. The constant, non-unity Lewis number assumption is introduced 

to further reduce the computational cost. The solvers are also parallelized to reduce time-to-solution on 

distributed memory computer systems. Computed laminar flame speeds and species profiles for a range 

of chemical mechanisms (from 10 to 2878 species) are compared against a well-validated commercial 

code and are found to be consistent within solver tolerances. The computation times of both the unsteady 

and steady solutions increase only linearly with the number of species, which is a significant improve- 

ment over the quadratic or cubic scaling of existing steady-state flame solvers. For the largest mechanism 

tested, the steady-state flame solver is two orders of magnitude faster than commonly-used codes. The 

use of an approximate Jacobian is shown to reduce the rate of convergence for the steady-state solver, 

but does not significantly affect the domain of convergence. The steady-state solver with approximate 

Jacobian is thus well suited for computationally efficient laminar flame speed sweeps with large kinetic 

mechanisms. 

© 2019 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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. Introduction 

One-dimensional (1D) simulations of reacting systems using de-

ailed kinetic models are common in combustion research. Un-

tretched, premixed flame models are used to compute laminar

ame speeds and species profiles for chemical mechanism vali-

ation [1–3,5,4,6] . Laminar flame speeds serve as inputs to tur-

ulent flame speed correlations [7,8] , quasi-dimensional internal

ombustion engine simulations [9] , and spark-ignited engine knock

odels [10] . Premixed flame calculations are also used to generate

amelet libraries for computational fluid dynamics (CFD) simula-

ions of laminar and turbulent flames [11,12] and to simulate micro

ow reactors [13,14] , among many other applications. 

Chemistry models for simple fuels routinely include hundreds

f species and thousands of reactions [3] while kinetic mechanisms

or transportation fuels can contain thousands of chemical species

nd reactions [15–17] . Thus, efficient solution methods, capable of

andling large chemical mechanisms, are needed for 1D reacting
ows. 
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Commonly-used 1D flame solvers including Chemkin [18] ,

lameMaster [19] , and Cantera [20] rely on direct, damped New-

on methods to solve a system of algebraic equations arising from

he discretization of the steady-state flame equations. In such for-

ulations, the system Jacobian is a banded matrix with bandwidth

inearly proportional to the number of reacting species. The com-

utation time required for the factorization of the Jacobian using

U factorization scales with the number of species cubed [21] . Ap-

roximations can be introduced to obtain a sparse, banded Jaco-

ian. In that case, an overall simulation time which scales with

he number of species squared can be achieved. Even with this

mprovement, simulations of systems with thousands of species

equire significant computing resources. For this reason, flame

peeds are often excluded from the validation targets used dur-

ng the development of large chemical mechanisms. The computa-

ional cost is significant compared to homogeneous reactors, where

odern solvers scale linearly with the number of species and ig-

ition delay calculations with thousands of species are solved in

econds [22] . 

To avoid the cost associated with factorizing the system Ja-

obian and solving the resulting linear system, other approaches

mploy unsteady formulations, which can be solved without the

eed of a Jacobian [23] . Unsteady formulations are also well suited

or iterative methods using approximate Jacobians. For example,
. 

https://doi.org/10.1016/j.combustflame.2019.02.030
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McNenly et al. [22] used an iterative linear solver combined with

an approximate preconditioner within an implicit ODE solver for

(0D) well-stirred reactor calculations. Marzouk et al. [24] used

an iterative linear solver to simulate unsteady strained laminar

flames. Savard et al. [25] and MacArt and Mueller [26] used a

semi-implicit, iterative method with approximately factorized Jaco-

bians to solve coupled, multi-dimensional transport-reaction equa-

tions. In addition, simplifications to the species transport for-

mulation have been introduced to reduce computational time.

Constant Lewis numbers can be used instead of more complex

transport models [27] . Modifications to the mixture-averaged diffu-

sion coefficient and mixture viscosity (such as neglecting the con-

tribution of species with small concentrations) have also been pro-

posed [23] . Alternatively, a considerable amount of research has

focused on reducing the size of the kinetic mechanisms in order

to reduce the simulation cost [28] . While reduced mechanisms

can be advantageous for use in CFD simulations, reduction tech-

niques can restrict the range of accuracy of the resulting mecha-

nisms. Computing laminar flame speeds rapidly on fully detailed

models is especially desirable in the context of mechanism devel-

opment/validation and generation of flamelet tables for turbulent

flow simulations. 

The approach presented in this paper seeks to reduce the

computational cost of one-dimensional laminar flame calculations

through improvements to the linear system solvers. The direct

solvers used in currently-available 1D flame codes [18–20] which

use large banded Jacobians are replaced with an iterative linear

solver [29] based on the generalized minimum residual (GMRES)

method [30] . The iterative approach allows the use of approxi-

mate Jacobians as preconditioners. The Jacobian approximations

are designed to produce matrix structure for which efficient so-

lution methods exist. The resulting solvers are applied to laminar

flame speed calculations with kinetic mechanisms ranging in size

from hydrogen (10 species [31] ) to comprehensive gasoline surro-

gates (2878 species [32] ). The flame speeds and average computa-

tion times are compared to those of a commonly-used commercial

code [18] . The computational cost of the present solvers increases

linearly with the number of species and, for the largest mechanism

tested, the steady-state solver is two orders of magnitude faster

than commonly-used approaches. Furthermore, the approximate

Jacobian does not significantly affect the convergence basin of the

steady-state solver, making it well suited for flame speed sweeps

with large kinetic mechanisms. This paves the way for linear time

preconditioners to be created for fully-coupled multi-dimensional

combustion simulations. 

2. Computational methodology 

One-dimensional laminar flame codes often involve the combi-

nation of an unsteady (or pseudo-unsteady) solver and a steady

solver [18–20] . When a good solution estimate is available (e.g.

from a nearby condition), the steady-state (Newton) solver is used

to converge rapidly to the solution. When such a starting estimate

is unavailable or when convergence of the steady solver stalls, the

unsteady solver is used to generate a solution estimate within the

domain of convergence of the Newton solver. The present work fol-

lows this approach and thus requires both types of solver. The un-

steady solver is first described in Section 2.1 and the steady solver

is described in Section 2.2 . 

2.1. Unsteady solver 

The governing equations solved here are that of a time-

dependent one-dimensional (1D) unstretched laminar flame under

the low-Mach number approximation. Terms that are small in the
imit Ma going to zero are neglected and the thermodynamic pres-

ure is spatially uniform and independent from the hydrodynamic

ressure. The continuity, species, and temperature equations are 

∂ρ

∂t 
= −∂ ˙ m 

∂x 
, (1)

∂Y i 
∂t 

= − ˙ m 

ρ

∂Y i 
∂x 

− 1 

ρ

∂ J i 
∂x 

+ 

˙ ω i W i 

ρ
, (2)

∂T 

∂t 
= − ˙ m 

ρ

∂T 

∂x 
+ 

1 

ρc p 

∂ 

∂x 

(
λ
∂T 

∂x 

)
− 1 

ρc p 

∑ 

i 

c p,i J i 
∂T 

∂x 

− 1 

ρc p 

∑ 

i 

˙ ω i h i W i , (3)

nd the ideal gas law is used as the equation of state 

pW = ρRT . (4)

ere ρ is the density, ˙ m is the mass flow rate, T is the tempera-

ure, λ is the conductivity, c p is the heat capacity at constant pres-

ure, p is the thermodynamic pressure, W is the mixture molecu-

ar weight, and R is the universal gas constant. The symbols Y i , h i ,

 p,i , W i , ˙ ω i , and J i are the mass fraction, enthalpy, heat capacity,

olecular weight, production rate, and diffusion flux of species i ,

espectively. 

The equations are solved using the method of lines with a

econd-order accurate spatial discretization. The resulting system

f ordinary differential equations can be written in the following

implified form 

∂ Y 

∂t 
= τ + ω , (5)

here Y is a vector of size N = n s n x containing the n s state vari-

bles at each of the n x grid points and τ and ω represent the

ransport (convective and diffusive) and chemical reaction terms,

espectively. The state variables of the unsteady system are the

pecies mass fractions, Y i , and the temperature, T . The mass flow

ate is not included in the system of equations since it can be com-

uted as an algebraic constraint by discretizing the mass flow rate

erivative in the continuity equation using upwinded differences.

he inlet value is fixed and downstream values can thus be com-

uted explicitly. The inlet boundary value is updated periodically

every flame time scale τF = l F /S L ) to match the current laminar

ame speed, ensuring the flame location in the computational do-

ain remains approximately fixed. Fixed boundary values are ap-

lied to Y i and T at the inlet and zero-gradient conditions are ap-

lied at the outlet. 

Following previous work [22,25,26] , an iterative linear solver is

sed. The equations are integrated in time with the scaled precon-

itioned GMRES method included as part of the CVODE software

ackage [33] . An implicit, variable order, backward difference for-

ulation (BDF) scheme is used and the Jacobian matrix, J u , is used

s a preconditioner with 

 u = I − α�t 

(
∂ τ

∂ Y 

+ 

∂ ω 

∂ Y 

)
, (6)

here I is the identity matrix, α is a constant related to the time

ntegration method order, and �t is the current time step size. De-

ails on the CVODE solver settings used in this work are provided

n Section 2.5 . 

While the full Jacobian J u can be computed exactly (to the lim-

ts of floating point representation) for a given state, in practical

mplicit solvers, approximations are made to the Jacobian in the

nterest of computational time. These approximations commonly

nvolve reusing Jacobians from earlier times and reduced system

odels for efficient preconditioners in Krylov sub-space methods.
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Fig. 1. Structure of the Jacobian matrices (for an example problem with n x = 9 and n s = 8 ) showing: (a) the exact block-tridiagonal Jacobian, (b) the approximate Jacobian 

with banded off-diagonal blocks and sparse diagonal blocks, (c) the block-diagonal chemical Jacobian with n x sparse blocks of size n s × n s , and (d) the banded tridiagonal 

transport Jacobian. This figure was inspired by Ref. [26] . 
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uch approximations may impact convergence rates, but generally

llow solution accuracy to converge to user specified tolerances in

horter times than possible if an exact Jacobian were required at

ach solution stage. The present work seeks to exploit system spe-

ific Jacobian approximations to further reduce the computational

ost of laminar flame simulations. 

For the present 1D system using second order spatial dis-

retization, the transport Jacobian, ∂ τ
∂ Y 

, in its exact form is block-

ridiagonal. However, it is approximated by a banded tridiagonal

atrix [26] by neglecting the terms related to the correction ve-

ocity and the evaluation of the mixture heat capacity and ther-

al conductivity ( Fig. 1 d). The chemical Jacobian, ∂ ω 
∂ Y 

, is sparse

nd contains only local information, resulting in an n s × n s sparse

atrix at each grid point ( Fig. 1 c). The composite Jacobian, J u , is

hus block-tridiagonal with either dense, Fig. 1 a, or sparse blocks,

ig. 1 b. 

The structure of the composite Jacobian leads to a high fac-

orization cost; using efficient sparse or block-tridiagonal solvers,

he cost is at least O(n x n 
2 
s ) . For this reason, in the present work,

he Jacobian is approximated as the product of two matrices fol-

owing previous work [25,26,34] and justified by the following re-

rrangement of Eq. (6) , where second order terms in �t are ne-

lected. 

 u,AF = 

(
I − α�t 

∂τ

∂Y 

)
×

(
I − α�t 

∂ω 

∂Y 

)
+ 

����O 

(
�t 2 

)
. (7) 

The two matrices (and associated linear systems) can then be

actorized (and solved) sequentially, leading to a significant cost re-

uction compared to factorizing the original block-tridiagonal ma-

rix ( Eq. (6) ). Since the species are decoupled in the approximate

ransport Jacobian, the banded matrix of size N × N is equivalent to

 s tridiagonal matrices of size n x × n x . Each tridiagonal matrix can

hus be factorized separately using a banded matrix solver [35] . A

parse approximation of the chemical Jacobian [22] is used to effi-

iently handle large kinetic mechanisms. The SuperLU sparse ma-

rix library [36] is used to factorize the chemical Jacobian and solve

he linear system at each grid point. To further reduce the compu-

ational cost, the Jacobian elements are evaluated analytically in-

tead of using finite difference perturbations. The total computa-

ional cost associated with the matrix operations is expected to be

(n x n s ) . 

.2. Steady solver 

The governing equations for the steady-state problem are simi-

ar to those of the unsteady problem. Eqs. (1) –(3) are solved with

he temporal derivatives (left-hand side) set to zero. 

As in other freely propagating flame solution methods [18–20] ,

he flame is anchored by fixing the temperature at an interior

rid point. Concretely, this is done by replacing the temperature
quation at the point j = j fix with the following 

 j − T fix = 0 , (8) 

here T fix is the fixed temperature value (in this work, the value

s set at 400 K above the inlet temperature). The continuity/mass

ow equation, ∂ ˙ m /∂x = 0 , also requires a special treatment. A

orward difference formula is used for j < j fix , a backward differ-

nce formula is used for j > j fix , and the temperature equation

 Eq. (3) , not Eq. (8) ) is solved at j = j fix . This treatment of the

xed temperature point, which differs slightly from that of other

odes [18,19] , assures non-zero diagonal elements in the transport

acobian. 

The resulting system of algebraic equations can be written in

he following simplified form 

 (y) = τ + ω = 0 . (9) 

he state variables of the steady system are Y i , T , and ˙ m . Eq. (9) is

olved using a Newton–Krylov method with a scaled precondi-

ioned GMRES linear solver distributed as part of the KINSOL soft-

are package included in the SUNDIALS library [33] . Details on

he KINSOL solver settings used in this work are provided in

ection 2.5 . 

The Jacobian matrix of the steady system, J s , is used as a pre-

onditioner 

 s = 

∂ τ

∂ Y 

+ 

∂ ω 

∂ Y 

. (10) 

s in the unsteady problem, in its exact form J s is a block-

ridiagonal matrix of size N × N ( Fig. 1 a). Its factorization cost with

fficient sparse or block-tridiagonal solvers is O(n x n 
2 
s ) . Similar ar-

uments as those used for the unsteady solver concerning the iter-

tive linear solver motivate the use of a computationally efficient

lternative to the exact Jacobian. However, Eq. (10) is not in a form

irectly suitable to the typical approximate factorization used in

q. (7) . 

To make it amenable to efficient factorization, the Jacobian is

rst manipulated as follows 

 s = 

(
∂ τ

∂ Y 

+ c I 

)
+ 

(
∂ ω 

∂ Y 

− c I 

)
, (11) 

= 

∂ τ

∂ Y 

+ 
+ 

∂ ω 

∂ Y 

−
, (12) 

= 

∂ ω 

∂ Y 

−
( 

I + 

(
∂ ω 

∂ Y 

−)−1 
∂ τ

∂ Y 

+ 
) 

, (13) 

here c is a constant introduced to ensure that the chemical Jaco-

ian is non-singular. While mathematically arbitrary, the value of

 can affect the convergence of the Newton iterations. Setting it to

 value which is too small or too large can lead to ill-conditioned
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Table 1 

Summary of the chemical mechanisms used in the present study. “Fuel” denotes the 

species used as the fuel in the laminar flame speed calculations. 1 C 4 species have 

been removed from the Aramco2.0 mechanism [3] . 

Mechanism Fuel No. species No. reactions Refs. 

Hydrogen H 2 10 21 [31] 

C 0 -C 3 base chemistry 1 C 3 H 8 150 943 [3] 

PRF n -C 7 H 16 336 1610 [6] 

n -heptane n -C 7 H 16 654 2827 [15] 

Gasoline surrogate 4-components 2878 12,839 [32] 
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matrices. In the present work, c = 10 6 Hz is chosen as a value that

is close to the frequencies typically associated to the convective

and diffusive time scales in laminar flame calculations. Note that

in the above manipulation no approximation has been made. 

To achieve the desired Jacobian structure, the inverse of the

chemical Jacobian matrix in Eq. (13) is replaced by the inverse of

its diagonal 

J s,AF = 

∂ ω 

∂ Y 

−(
I + �−1 ∂ τ

∂ Y 

+ )
, (14)

where 	 is a diagonal matrix generated by setting the off-diagonal

terms in the chemical Jacobian to zero. This approximation is sup-

ported by previous studies [25,37,38] using a diagonal precon-

ditioner to accelerate chemistry integration. This substitution is

crucial as it yields an approximate Jacobian which, analogous to

Eq. (7) (see Fig. 1 ), is the product of two matrices; a local (point-

wise) matrix of size n s × n s ( Fig. 1 c) and a banded tridiagonal ma-

trix of size N × N which can be decoupled into n s tridiagonal ma-

trices of size n x × n x ( Fig. 1 d). Again, the sparsity of the chemical

Jacobian is exploited and the factorization and solve operations are

handled by the SuperLU sparse matrix library. As in the unsteady

case, the terms related to the correction velocity and the evalu-

ation of the mixture heat capacity and thermal conductivity are

neglected in the transport Jacobian to obtain a tridiagonal matrix.

The tridiagonal systems are factorized and solved using LAPACK’s

banded solvers [35] . 

To the authors’ knowledge, the approximate Jacobian in

Eq. (14) has not been proposed previously. The total computa-

tional cost associated with the matrix operations is expected to be

O(n x n s ) , a significant improvement over commonly-used steady-

state flame solvers. 

Furthermore, the steady solver is fully parallelized using MPI.

For most of the computations, each processor handles a subset of

the grid. However, to reduce parallel communications in the so-

lution of the linear system associated with the tridiagonal trans-

port Jacobian and to maintain a simulation cost which scales lin-

early with n s , parallelization of this step is performed over the

state variables rather than the spatial domain. Since the species

are decoupled in the transport Jacobian, each processor can handle

a subset of species over the whole grid. Prior to solving the linear

systems, each species mass fractions over all n x points are gath-

ered on its assigned processor. The linear systems are then solved

in isolation and the resulting mass fractions are scattered back

to the spatially-distributed grid for the subsequent computations.

This method eliminates parallel communications during the factor-

ization and solution of the linear system, significantly improving

parallel efficiency for simulations with large chemical mechanisms

and relatively small number of grid points. Other, more conven-

tional, solution approaches considered either did not scale linearly

with n s or did not exhibit good parallel efficiency. 

2.3. Species transport 

The species mass diffusion flux, for a mixture-averaged diffu-

sion model without thermal diffusion [39] , is evaluated as 

J i = −ρD i 

∂Y i 
∂x 

+ ρY i V c,i , (15)

where D i are the species mixture-averaged mass diffusivities, and

the correction velocity is 

 c,i = 

∑ 

i 

D i 

∂Y i 
∂x 

. (16)

To reduce computational cost, the species mass diffusivities are

calculated as D i = α/ Le i using constant, non-unity Lewis numbers.

The assumption of constant, non-unity Lewis numbers has been
alidated for laminar and turbulent flames by Burali et al. [27] and

ill be briefly assessed in the present work ( Section 3.1 ). Fur-

hermore, a simplified formula is used for the evaluation of the

ixture viscosity [40] . The evaluation cost of the diffusion co-

fficients and viscosity are thus linear in the number of species

ather than quadratic, which is the case of the common implemen-

ations of the mixture-averaged diffusion coefficients and Wilke’s

ormula [41] for viscosity. The Lewis numbers are evaluated using

ixture-averaged diffusion coefficients at the adiabatic flame con-

itions (i.e. in the burnt gases [27] ). 

As mentioned in Section 2.1 , the terms arising from the ve-

ocity correction are not included in the transport Jacobian, lead-

ng to decoupled tridiagonal matrices for each species. While this

implification does not negatively impact the convergence of the

nsteady solver, it significantly degrades the convergence of the

teady solver. The issue can be resolved by setting the velocity cor-

ection to zero in Eq. (15) . Doing so may lead to a non-zero net dif-

usion flux, but it does not significantly impact the laminar flame

peed or species profiles, as will be shown in Section 3.1 . 

.4. Chemical models 

Chemical mechanisms of varying sizes are used in the present

tudy to evaluate how the computational costs of the different

olvers vary with the number of species. The mechanisms are sum-

arized in Table 1 . The “Fuel” column denotes the species used as

he fuel in the simulations using each mechanism. For the 2878

pecies gasoline surrogate mechanism, a four component mixture

f iso-octane, n -heptane, toluene, and 1-hexene is used (mole frac-

ion of 0.25 for each component). The oxidizer is air for all cases. 

.5. Solver settings 

The unsteady solver uses the CVODE software package with

he GMRES iterative method for the solution of linear sys-

ems (“SPGMR” module in SUNDIALS). The Jacobian described in

ection 2.1 is used as a user-specified preconditioner. Time integra-

ion is performed using the BDF method with user-specified rela-

ive and absolute tolerances of 10 −8 and 10 −20 , respectively. The

aximum internal timestep is limited to 5 × 10 −5 s. The iterative

inear solver uses left preconditioning, the maximum size of the

rylov subspace is set to 5, and modified Gram–Schmidt orthogo-

alization is used. All other settings are left at their default values.

The steady solver uses the KINSOL software package with

he scaled preconditioned GMRES method. The stopping crite-

ion/tolerance used is || F(y) || ∞ 

< TOL with TOL = 10 −2 . This stop-

ing tolerance leads to a flame speed relative tolerance smaller

han 10 −5 , as shown in Section 3.3 . The iterative linear solver uses

ight preconditioning and the maximum size of the Krylov sub-

pace is set to 200. Decreasing the size of the Krylov subspace

egatively affects convergence but increasing it to values larger

han 200 has no noticeable impact on convergence. The Jacobian

s re-evaluated and factorized at every 10 th non-linear iteration of
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Fig. 2. Laminar flame speeds of n -heptane/air flames at atmospheric pressure and 

unburnt temperature of 353 K. Simulations performed with mixture-averaged diffu- 

sion coefficients using the present solver and Chemkin. The mechanism of Cai and 

Pitsch [6] is used. 

Fig. 3. Laminar flame speeds of n -heptane/air flames at atmospheric pressure and 

unburnt temperature of 353 K. Simulations performed with mixture-averaged dif- 

fusion coefficients, constant non-unity Lewis numbers, and constant non-unity 

Lewis numbers neglecting the velocity correction term. The mechanism of Cai and 

Pitsch [6] is used. 
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he Newton–Krylov solver. Default values are used for all other set-

ings. 

. Results 

.1. Validation 

The proposed flame solver is first validated by comparing

gainst the commonly-used commercial code Chemkin (v19.0) [18] .

reely-propagating laminar flame speeds of n -heptane/air flames at

tmospheric pressure and unburnt temperature of 353 K obtained

ith both codes over a range of equivalence ratios are shown in

ig. 2 . The simulations were performed with the same mecha-

ism [6] , the same grid resolution (with a grid of size n x = 192 ,

 F / �x ≈ 12), the same transport model (mixture-averaged diffu-

ion coefficients), and the same transport convective scheme (sec-

nd order centered differences). The two codes are in excellent

greement with a RMS error of 0.005 m/s (maximum error of

.008 m/s). 

The validity of the constant, non-unity Lewis numbers as-

umption is assessed by comparing against the mixture-averaged

iffusion coefficients formulation. Laminar flame speeds of n -

eptane/air flames at atmospheric pressure and unburnt tempera-

ure of 353 K obtained with both transport models over a range of

quivalence ratios are shown in Fig. 3 . The prediction of the species

ass fraction profiles is also assessed in Fig. 4 . The hydrogen mass

raction profiles computed with the different transport models are

hown in Fig. 4 a and the mean species mass fraction relative error

etween the models are shown in Fig. 4 b. At each grid point, the

ean relative error between models a and b is computed as 

rror a −b = 

1 

n s 

n s ∑ 

i 

| Y a 
i 

− Y b 
i 
| 

max (Y a 
i 
) 

(17) 
here max (Y a 
i 
) is the maximum mass fraction of species i over the

hole grid computed with model a . 

Both the flame speeds and species profiles are found to be

n good agreement – the RMS flame speed error between the

ixture-averaged and constant Le models is 0.009 m/s (maxi-

um error of 0.02 m/s) – justifying the assumption of constant,

on-unity Lewis numbers. Results obtained with a third trans-

ort formulation, where the velocity correction term is neglected

as mentioned in Section 2.3 , the V c = 0 model is only used with

he steady-state flame solver) and the same constant non-unity

ewis numbers are used, are also found to be in good agreement

ith a RMS flame speed error of 0.011 m/s (maximum error of

.025 m/s) between the mixture-averaged and V c = 0 models. The

MS flame speed error between the constant Le and V c = 0 models

s 0.003 m/s (maximum error of 0.004 m/s). The mean species rel-

tive error between the mixture-averaged model and the constant

ewis model is less than 10% while the mean species relative error

etween the constant Lewis and constant Lewis without velocity

orrection is less than 2%. 

Finally, the order of accuracy of the flame solver is tested by

erforming simulations on varying grid sizes. All simulations use

on-uniform grids where a fine, uniform grid spacing is used in

he middle region where temperature and species gradients are

he largest and the grid is stretched in the upstream (unburnt) and

ownstream (burnt) regions. Both a first order upwind scheme and

econd order centered scheme are used for the convective term.

he error on the laminar flame speeds of n -heptane/air flames at

tmospheric pressure, unburnt temperature of 353 K, and φ = 1

s shown in Fig. 5 . As expected, the relative error (with respect

o a solution computed on a fine grid of 1536 points, l F / �x ≈ 96)

ecreases linearly with the first order scheme and quadratically

ith the second order scheme. This illustrates the advantage of

sing a second order (or higher) convective scheme. An accept-

ble relative error level can be achieved on much coarser grids,

hereby reducing the computational cost. In the present case,

0 0 0 grid points ( l F / �x ≈ 60) are needed to reduce the relative

iscretization error below 1% with the first order scheme while

nly 200 points ( l F / �x ≈ 12) are necessary with the second order

cheme. 

.2. Unsteady solver 

The unsteady solver is used when the user is unable to provide

n accurate initial guess or when convergence of the steady-state

olver stalls. In the absence of an initial guess, the solution is ini-

ialized as follows. The species mass fractions over the whole do-

ain are set as the inlet fuel and oxidizer mass composition. The

emperature in the left half of the domain is set as the unburnt

inlet) temperature and the temperature in the right half of the

omain is set such that the auto-ignition time scale is significantly

horter than the residence time. A temperature of 1800 K easily

atisfies this requirement for all the fuels used in this work. This

ethod reliably establishes a flame propagating from right to left

n the simulation domain. 

The solution process is initialized on a very coarse grid (8

oints) and computed on progressively finer grids. To maintain nu-

erical stability, a first order upwind scheme is used to evalu-

te the convective terms in Eqs. (2) and (3) on coarse grids. Once

he grid is sufficiently refined (at least 5 points per flame thick-

ess l F = (T b − T u ) / max ( dT 
dx 

) , where T u and T b are the unburnt

nd burnt temperatures, respectively), a second order scheme is

sed to improve solution accuracy. The grid is further refined until

 user-specified resolution is achieved. l F / �x ≈ 12 is used in this

ork. The unsteady simulation is considered to have reached a
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Fig. 4. Hydrogen mass fraction profile and average mass fraction relative error between the different transport models for n -heptane/air flames at atmospheric pressure, 

unburnt temperature of 353 K, and φ = 1 . The mechanism of Cai and Pitsch [6] is used. 

Fig. 5. Relative error on the laminar flame speed computed with varying grid res- 

olutions and different convective schemes. The mechanism of Cai and Pitsch [6] is 

used. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Computation times for unsteady laminar flame speed calculations on a sin- 

gle CPU with varying kinetic model sizes (grid size n x = 192 , l F / �x ≈ 12). 

Fig. 7. Parallel speedup for unsteady laminar flame speed calculations with varying 

kinetic model sizes (grid size n x = 192 , l F / �x ≈ 12). 
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P

steady-state and is terminated when the flame speed 

1 varies less

than a user-specified threshold. The threshold used in this work is

a change of 0.3 % in flame speed over a period of time equal to the

flame time scale ( τF = l F /S L ). 

The performance of the unsteady solver is assessed with respect

to mechanism size for the different kinetic mechanisms listed in

Table 1 . The grid size ( n x = 192 ), transport model (constant Le),

convective scheme (second order) are held fixed. Simulations are

performed for stoichiometric flames at atmospheric pressure and

an unburnt temperature of 353 K. Additional tests have shown that

the computation times are not strongly affected by the conditions.

The simulations are performed using a single thread of an Intel

Xeon E5-2670 processor (2.6 GHz clock speed) with 64 GB of avail-

able RAM. The average computation times are shown in Fig. 6 . 

The computation times increase linearly with the number of

species, as expected from the analysis of matrix operation cost

described in Section 2.1 . The CVODE tolerances do not signifi-

cantly affect the time to solution or scaling with n s . Tightening

the flame speed tolerance leads to increased computation times

but does not change the linear scaling with the number of species.

While the time required to compute a flame speed with the 2878

species mechanism is large ( ∼ 6200 s), it can be significantly re-

duced by using multiple CPUs. The solver is fully parallelized us-

ing MPI [42] and exhibits good parallel speedup even on relatively

coarse grids. Figure 7 shows the parallel speedup for three kinetic

mechanisms on a grid of n x = 192 points. The computing platform
1 The flame speed in the unsteady case is defined as the integral of the fuel burn- 

ing rate 

S L = 

1 

(ρY F ) u 

∫ 
ρ ˙ ω F dx. (18) 

3

3

 

w  

T  
sed in the present work has 16 cores/node and uses an InfiniBand

DR interconnect. The parallel efficiency increases with the size of

he mechanism, as expected, since local, chemistry-related compu-

ations make up an increasing share of the simulation. Using the

argest mechanism, the solver shows very good parallel efficiency

ven with fewer than ten grid points per core. The reduction in

arallel efficiency with increasing number of cores is believed to

e driven by an increase in the amount of communication required

etween processes. Similar parallel scaling results were observed

n a different computing platform with 36 cores/node and Omni-

ath interconnect. 

.3. Steady solver 

.3.1. Performance 

The steady-state solver requires an initial solution estimate

hich is within the domain of convergence of Newton’s method.

his initial solution can be obtained using the unsteady solver or
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Fig. 8. Computation times for steady laminar flame speed calculations on a single 

CPU with varying kinetic model sizes. The present steady-state solver with full and 

approximate Jacobian is compared to Chemkin. 

Fig. 9. Parallel speedup for steady laminar flame speed calculations with varying 

kinetic model sizes (grid size n x = 192 , l F / �x ≈ 12). 

u  

(  

m  

p  

a  

φ  

t  

i  

l  

t  

6  

w  

c  

a  

i  

b  

p

 

S  

a  

s  

J  

b  

t  

p  

s

 

n  

t  

1

3

 

r  

o  

c  

Fig. 10. Convergence of the residual for the present steady-state solver using the 

full and approximate Jacobians. Results are shown for an n -heptane/air flames at 

atmospheric pressure, unburnt temperature of 353 K, and φ = 0 . 9 . 
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i  
sing a converged steady-state solution at neighboring conditions

 φ, T u , p , fuel and oxidizer composition, etc.). To assess the perfor-

ance of the steady solver, all cases are performed on grids of 192

oints at atmospheric pressure and unburnt temperature of 353 K

t φ = 0 . 9 with the fuels listed in Table 1 . A converged solution at

= 1 is provided as the initial guess. This ensures that the solu-

ion is within the domain of convergence of the Newton solver and

s representative of a calculation performed as part of an equiva-

ence ratio sweep. The simulations are performed using a single

hread of an Intel Xeon E5-2670 processor (2.6 GHz clock) with

4 GB of available RAM. The average computation times obtained

ith the steady-state solver using the approximately factorized Ja-

obian ( Eq. (14) ), those obtained using the full Jacobian ( Eq. (10) ),

nd those obtained with Chemkin’s steady-state solver are shown

n Fig. 8 . For this comparison, the factorization of the full Jaco-

ian, with block-tridiagonal structure, is performed with the Su-

erLU sparse matrix library [36] . 

As expected from the analysis of matrix operations cost in

ection 2.2 , the computation times of the steady-state solver with

n approximate Jacobian increase linearly with the number of

pecies. On the other hand, the computation times with the full

acobian and with Chemkin increase quadratically with the num-

er of species. This leads to significant differences in computation

imes for large mechanisms. For the largest mechanism used, the

resent steady-state solver is approximately 50 times faster than

olvers using the exact Jacobian. 

Figure 9 shows the parallel speedup for three kinetic mecha-

isms on a grid of n x = 192 points. Similar to its unsteady coun-

erpart, the solver exhibits a good parallel efficiency ( > 80%) up to

6 CPUs. 

.3.2. Convergence rate 

As discussed above, steady-state solvers using Newton’s method

equire an initial solution estimate that lies within the domain

f convergence (also called basin of attraction). Two important

haracteristics of the solver are the rate of convergence and the
ize of the domain of convergence. A larger basin of attrac-

ion is desirable as it enables larger steps when performing a

ame speed sweep and reduces the need to use slower unsteady

olvers. 

The rate of convergence determines the number of iterations

equired to achieve the user specified tolerance on the solution

esidual. The full Jacobian ( Eq. (10) ) completely captures the en-

ire eigenspectrum of the system and thus should converge to the

olution at the fastest possible rate. On the other hand, the ap-

roximations introduced in the derivation of the modified Jacobian

 Eq. (14) ) may negatively affect the rate of convergence. The con-

ergence rates using the full and approximate Jacobian are shown

n Fig. 10 for an n -heptane/air flame at atmospheric pressure, un-

urnt temperature of 353 K, and φ = 0 . 9 where the initial solu-

ion is a converged flame at φ = 1 . 0 . The residual is defined as

he max norm of the right-hand side function ( Eq. (9) ). The con-

ergence is faster using the full Jacobian, reaching a residual level

f ∼ 10 −5 in 9 iterations as opposed to 30 for the approximate

acobian. 

However, despite the reduced convergence rate (increased num-

er of iterations in Fig. 10 ), the approximate Jacobian can lead to

ignificantly faster computation times due to the reduced cost of

he matrix operations, as shown previously in Fig. 8 . This is in-

estigated further by comparing the computation times and con-

ergence characteristics of the steady solver for different stopping

olerances with the different chemical mechanisms. All cases are

erformed on grids of 192 points at atmospheric pressure and un-

urnt temperature of 353 K at φ = 0 . 9 with the fuels listed in

able 1 . A converged solution at φ = 1 is provided as the initial

uess. The results are reported in Table 2 for both the full and

pproximate Jacobians. As the stopping tolerance is tightened, the

umber of iterations and the time to solution increase. This in-

rease is significantly more pronounced when using the approxi-

ate Jacobian, due to its lower convergence rate. When using a

elatively small chemical mechanism and a stringent tolerance, the

ull Jacobian outperforms the approximate Jacobian (hydrogen sim-

lations or simulations with the 150 species mechanism and TOL

10 −5 , for example). However, the approximate Jacobian outper-

orms the full Jacobian when using large chemical mechanisms

 > 150 species), regardless of the stopping tolerance. 

The relative error on the flame speed (with respect to a refer-

nce solution with a stopping tolerance of 10 −5 ) is also reported in

able 2 . The relative flame speed error decreases as the tolerance

s progressively tightened. The stopping criterion of 10 −2 (used in

ost simulations, as listed in Section 2.5 ) leads to a relative flame

peed error lesser than 10 −5 . 

.3.3. Eigenvalue analysis 

The approximate Jacobian is further analyzed by compar-

ng its eigenvalue content to that of the full (block-tridiagonal)
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Table 2 

Computation time and convergence characteristics for different stopping tolerance levels and different chemical mechanisms 

using a full Jacobian and an approximate Jacobian. The relative flame speed error, average computation times on a single CPU 

and number of non-linear iterations are reported. 

Mech. TOL S L rel. err. Full Jacobian Approximate Jacobian 

CPU time (s) Non-lin. iter. CPU time (s) Non-lin. iter. 

H 2 (10 species) 10 1.8e −3 0.35 7 0.39 11 

1.0 2.5e −4 0.4 9 0.52 21 

10 −2 1.2e −6 0.4 9 0.63 27 

10 −4 0.0 0.4 9 0.82 35 

10 −5 Ref. 0.4 9 1.12 36 

C 0 -C 3 (150 species) 10 1.5e −4 15.5 5 2.5 6 

1.0 9.5e −6 15.8 6 4.0 11 

10 −2 9.6e −6 16.4 8 6.6 22 

10 −4 0.0 16.8 9 11.8 36 

10 −5 Ref. 16.8 9 17.0 43 

PRF (336 species) 10 6.6e −3 50.1 5 4.6 7 

1.0 1.0e −4 50.5 7 7.0 13 

10 −2 7.7e −7 53.0 9 9.1 19 

10 −4 0.0 53.0 9 12.9 24 

10 −5 Ref. 53.0 9 13.5 26 

n -heptane (654 species) 10 3.0e −3 275 6 12.1 25 

1.0 2.4e −4 280 7 15.8 38 

10 −2 2.1e −6 285 8 18.6 43 

10 −4 2.1e −8 289 9 27.2 50 

10 −5 Ref. 296 10 28.8 51 

Gasoline surrogate (2878 species) 10 2.6e −6 3892 8 152 10 

1.0 1.9e −7 3944 9 176 11 

10 −2 1.9e −7 3944 9 214 12 

10 −4 0.0 4056 10 368 19 

10 −5 Ref. 4056 10 638 21 

Fig. 11. Comparison of eigenvalues of the approximate and full Jacobians for dif- 

ferent chemical mechanisms. Jacobians were computed at atmospheric pressure, 

unburnt temperature of 353 K, and stoichiometric conditions. The entire eigenspec- 

trum is shown for the hydrogen and C 0 -C 3 mechanisms. The 60 0 0 largest eigenval- 

ues are shown for the PRF, n -heptane, and gasoline surrogate mechanisms. 
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Jacobian. To ensure convergence, the eigenvalue content of the ap-

proximate Jacobian should be close to that of the full Jacobian.

For each chemical mechanism used, the eigenvalues of the Jaco-

bians are computed and sorted from the largest to smallest. They

are then compared, entry by entry, between the approximate and

full Jacobians, as shown in Fig. 11 . The entire eigenspectrum is

compared for the smaller hydrogen and C 0 -C 3 chemical mecha-

nisms. For larger chemical mechanisms, the largest 60 0 0 eigen-

values are compared. The Jacobians are computed at atmospheric

pressure, unburnt temperature of 353 K, and stoichiometric con-

ditions. It can be observed that the eigenvalues of the approxi-

mate Jacobian compare well with those of the full Jacobian. Most

importantly, the largest eigenvalues are very well approximated.

The maximum relative error across the 60 0 0 largest eigenvalues

of the PRF, n -heptane, and gasoline surrogate mechanisms is

below 1%. 
1  
.3.4. Domain of convergence 

The domain of convergence is investigated by performing sim-

lations with gradually increasing perturbations of equivalence

atio, inlet temperature, and pressure from those of the ini-

ial solution. The computation times and convergence characteris-

ics (number of non-linear and linear iterations of the Newton–

rylov solver) are reported in Table 3 for the present steady-

tate solvers using both the full and approximate Jacobian with

he 2878 species gasoline surrogate mechanism. A large mecha-

ism is chosen for this comparison since the domain of conver-

ence could be negatively impacted by the size and stiffness of

he mechanism. The CPU time is obtained from an average of

hree simulations and a convergence criterion (TOL) of 10 −2 is

sed. 

While the approximate Jacobian leads to a larger number of

on-linear and linear iterations, the domain of convergence of the

ewton solver is only slightly larger when using the full Jacobian.

or the large mechanism tested, the approximate Jacobian helps

onverge to the desired solution for perturbations of 15% in equiv-

lence ratio, 11% in unburnt temperature, and 32% in pressure in

uch less CPU time than the full Jacobian. The present steady-state

olver with an approximate Jacobian is thus well suited for flame

peed sweeps. 

To illustrate this, the typical wall clock times required for an

-point equivalence ratio sweep with the 2878 species mecha-

ism on 16 CPU cores using Chemkin, the unsteady solver, and

he steady-state solver are compared in Table 4 . Ranges are pro-

ided since convergence (and thus computation time) has been

ound to vary depending on the conditions (pressure, inlet tem-

erature, fuel, and equivalence ratio range). For the steady-state

olver, the time required to obtain an initial solution with the

nsteady solver is included in the total wall clock time. The un-

teady solver is found to be approximately 10 times faster than

hemkin and the steady-state solver is found to be approximately

0 times faster than the unsteady solver and 100 times faster
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Table 3 

Domain of convergence and convergence characteristics of the Newton–Krylov solver using a full Ja- 

cobian and an approximate Jacobian. Average computation times on a single CPU and number of non- 

linear and linear iterations are reported. �φ, �T u , and �p denote the perturbations in equivalence 

ratio, unburnt temperature, and pressure relative to the flame used as the initial solution estimate. 

The 2878 species gasoline surrogate mechanism is used. 

Full Jacobian Approximate Jacobian 

�φ (%) CPU time (s) Non-lin. iter. Lin. iter. CPU time (s) Non-lin. iter. Lin. iter. 

5 3872 8 31 192 15 329 

10 3988 9 46 214 25 340 

15 7512 13 35 282 37 446 

20 11940 24 99 No conv. – –

25 No conv. – – No conv. – –

�T u (%) 

6 3772 8 16 195 13 325 

11 3936 9 31 170 14 283 

14 4056 9 47 No conv. – –

17 No conv. – – No conv. – –

�p (%) 

8 3708 6 22 188 15 316 

16 3992 7 32 151 20 241 

24 4228 5 39 172 23 257 

32 4264 7 53 216 28 340 

40 8612 12 37 No conv. – –

48 No conv. – – No conv. – –

Table 4 

Typical wall clock times for an 8-point equivalence ratio 

sweep with the 2878 species mechanism on 16 CPU cores. 

Results from Chemkin and the present unsteady and steady 

solvers are compared. 

Solver Typical wall clock time (s) 

Chemkin 30,0 0 0–70,0 0 0 

Unsteady 40 0 0–70 0 0 

Steady 50 0–10 0 0 

t  

J

4

 

l  

s  

c  

w  

a  

c  

s  

k  

d  

fl  

v  

i  

T  

w  

a  

o  

s  

s  

w  

s  

c  

t  

m  

c  

l

A

 

e  

c  

0

R

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

han approaches using steady-state Newton solvers with a full

acobian. 

. Conclusion 

Iterative, sparse methods for the simulation of one-dimensional

aminar flames were proposed. Both unsteady and steady-state

olvers have been developed, using approximate Jacobians as pre-

onditioners to greatly reduce the computational cost associated

ith matrix operations. The constant, non-unity Lewis number

ssumption was introduced to further reduce the computational

ost and improve the convergence of the steady-state solver. The

olvers were applied to laminar flame speed calculations with

inetic mechanisms of varying sizes (from 10 species for hy-

rogen to 2878 species for gasoline surrogates). The computed

ame speeds and species profiles were compared against a well-

alidated, commonly-used commercial code and were found to be

n very good agreement (0.005 m/s RMS error on the flame speed).

he computation times of both the unsteady and steady solutions

ere shown to increase only linearly with the number of species

nd exhibit good parallel efficiency ( > 80% for > 20, 0 0 0 degrees

f freedom ( n x n s ) per core). The linear scaling of the steady-

tate solver is a significant improvement over traditional steady-

tate solvers for which the computational cost scales quadratically

ith the number of species. For the largest mechanism tested, the

teady-state flame solver is two orders of magnitude faster than

ommonly-used codes. The use of an approximate Jacobian reduces

he rate of convergence but does not significantly affect the do-

ain of convergence. The steady-state solver with approximate Ja-

obian is thus well suited for laminar flame speed sweeps with

arge kinetic mechanisms. 
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