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A b s t r a c t - - W e  consider combustion problems in the presence of complex chemistry leading to fully 
nonlinear multispecies reaction-diffusion equations. We establish results of existence and uniqueness 
of solution and maximum principle i.e., positivity of the mass fractions, which relies on specific 
properties of the models. 
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1. I N T R O D U C T I O N  

We continue previous work on the equations of combustion in the presence of complex chemistry. 
In [1], we considered a model of laminar premixed flame in which the binary t ranspor t  coefficients 
were constants equal to one another, and hence, the fluxes were proportional to the gradients of 
the mass fractions of the species. Here we remove this simplifying hypothesis and assume tha t  
the fluxes are given by the Stefan Maxwell equations. In this case, the concentration equations 
become fully nonlinear with nonlinearity involving the highest derivatives. 

In this note, we emphasize the reaction-diffusion part  of the complex chemistry problem; the 
coupling with the heat equation and fluid motion will be developed in more details in [2]. We 
discuss the derivation of the concentration equations by solution of the Stefan Maxwell equations 
and develop their mathematical  theory including existence and uniqueness of solutions and max- 
imum principle. Applications to atmosphere and pollution problems will be discussed elsewhere. 

We consider a multi-component premixed gas flame propagating in a bounded channel ~ c 
R n, n = 2 or 3. Assuming that  the fluid is incompressible, with nondimensional density equal to 
one, the equations for the reactive flow read 

0Y~ 
0-7 + (v .  V)Y~ + V .  Fi = a~i, 1 < i < N, (1.1) 
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~V 
+ (v. V)v - Re Av + Vp = 0, div v = 0, (1.2) 

C~ N 
0---t + (v- V)0 - Pr A0 = - E hiwi. (1.3) 

i=1 

The unknowns which are in nondimensional form are the velocity v = (vl, v2) o r  (Vl,  v2,  v3) ,  the 
pressure p, the temperature 0 and the mass fraction Yi of the N species involved in the chemical 
reaction; Re > 0 and Pr > 0 are the Reynolds and Prandtl  numbers; hi is the enthalpy of the ith 
species and wi is the net production/removal rate of the ith species [3]. 

On physical grounds, the following relations must prevail at all time 

N 

0_<Yi_<l,  I < i < N ,  E Y ~ - - - 1 ,  (1.4) 
i = l  

The fluxes Fi in (1.1) read 

N 

= o. (1 .5)  

i = l  

K = Ev~,  

where Vi is the diffusion velocity of species i, so that  

(1.6) 

N N 

E F i - -  E YiVi = 0. (1.7) 
i=1 i=1 

The V~, and therefore the Fi, are given by resolution of the Stefan-Maxwell equations (cf. [4]) 
which we discuss in the following section. They give the Fi as linear-functions of VY1, • •. ,  VYN 
with coefficients involving rational functions of Y1,..., YN. 

Note that  the equations for the hydrodynamical unknowns (v, p) are decoupled from the tem- 
perature and concentrations. In fact, we will study in a first step the equation (1.1) assuming 
that  v,p and 0 axe known; then we will show how to couple the whole system. 

2. THE STEFAN-MAXWELL EQUATIONS 

These equations allowing the determination of the Fi read 

N 

= F_,  dijX Xj(V  - 
j = l  
j#i 

i = 1 , . . . , N ,  (2.1) 

where dij = 1/D O, Dij = Dji > 0 is the binary diffusion coefficient for species i and j .  The mole 
fraction Xi of species i is related to the mass fractions by the formula 

Y~ 
X i = Mi----~M , YMXM = 1, (2 .2)  

N N 

YM = ~.= Mj Yj ' XM = j=IE MjXj, (2.3) 

where Mi > 0 is the molecular mass; hence we have also 

0 < X ~ < I ,  I < i < N ,  
N 

E X i = l .  
i = l  

(2.4) 
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We see the equations (2.1) as a linear system for the V/, which gives in principle the Vi as linear 
functions of the VXj with coefficients involving the Xj.  When the Xj are expressed in terms 
of the Yj by (2.2) and (2.3), (2.1) gives in principle the V/as linear functions of the VYj with 
coefficients involving rational functions of the Yj. 

With obvious notations we write the linear system (2.1) in the form 

B ( Y ) V  = - v x ,  (2.5) 

V = ( Y l , . . .  , VN)  , ~TX ---- ( ~ T X l ,  . . . , ~TXN)  , a n d  w e  o b s e r v e  t h a t  

di j Yi Yj 
(B(Y)V, V) = ~ M~M~ Y-~ [V~-V~I2->0" 

l~_i<j~_N 

Hence, if Y/ > 0, Vi, the matrix B(Y) has rank N - 1 and the solution of (2.5) is unique thanks 
to (1.7). 

When some of the Yi are allowed to vanish (while (1.4) is satisfied), we cannot resolve anymore 
the system (2.5). However an involved study of this system conducted in [2] shows that  one 
can determine in a unique way the F~ as rational functions of the Yj and VYj. We now list the 
properties of these functions proven in [2] and which are the basis for the study conducted in 
Sections 3 and 4 below: 

N 

Fi = - E aij(Y1,.. . ,YN)VYj, I < i < N ,  

j=x (2.6) 
N 

~-~ F~ = 0. 
i = 1  

The functions aij axe continuous functions from [0, 1] N into ]R such that  

aij(Y1,...YN) = Yibij(Y1,... ,YN) for i ~ j  and 0 < Yk <_ 1, 

where biy : [0, 1] g --* R is continuous, (2.7) 

aii(Yi, YN) = ., YN) + YN) for 0 ~ Yk <-- 1, . . . ,  . . . .  , 

where b°i(Y) >_ 0 and ~ i :  [0, 11N --* ]R is continuous, j = 0, 1. 

REMARK 2.1. 

(2.8) 

The computation of the diffusion coefficients by different methods appears in [5]. 

3.  T H E  R E A C T I O N  D I F F U S I O N  E Q U A T I O N S  

The chemical rates wi are assumed to be of the form 

Y I , . . . , Y N ) .  (3.1) 

The functions ai and ~i are defined for 0 > 0, 0 < Y < 1 and are assumed to be continuous 
on [0, co) x [0, 1] Iv and such that  

vq(O, Y1 . . . . .  YN) >_ O, ~(9, Y1,...Yn) >_ O, for 9 _> 0, 

N 

E h~w~(O, Y1,... YN) ~ 0, for 0 < Yj < 1, 
i = l  

N 

E w i ( O ,  Y1, . . . ,YN)=O, for 0 > O, O _  Yj < 1, 
i = l  

wi is bounded on [0, co) x [0, 1] g.  

0 < Yj < 1, (3.2) 

(3.3) 

(3.4) 

(3.5) 
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The domain ~2 in which the flame propagates is the channel fl = (0, £) x (0, h) for n = 2 
and f~ = (0, £) x (0, L) x (0, h) for n = 3. We assume that  the flame propagates in the xn 
direction, the premixed reacting species entering from below. Hence, 

oh 
Yi=Yi  ~ a t x n = 0 ,  Oxn = 0 a t x n = h '  

0Y~ (3.6) 
0u = 0 a t x l = 0 '  £ ( a n d x 2 = 0 ,  L i f n = 3 )  

where Yi ~ > 0, ~ g  1 Yi u = 1. 
Here we assume that  v and 0 are given satisfying 

v e L °° (0, T; L2(f~) N) f3 L 2 (0, T; H 1 (ft)lv), (3.7) 

0 • L °° (0, T; L2(f~)) n L 2 (0, T; g l (F t ) ) ,  O(x, t) > 0 a.e. (3.8) 

We assume also that  v and 0 satisfy the boundary conditions of the full problem (see (4.1) 
and (4.2) below). The initial condition reads 

0) =  0(x) > 0, 

The result is the following theorem. 

N 

Yi0(x) = 1, a.e. (3.9) 
i--1 

THEOREM 3.1. For v and 0 given as above, equations (1.1) with (1.6), (1.7), (2.1), (3.6) and (3.9) 
possess a unique solution Y1, . . . , YN such that 

Y~ e n 2 (O,T;HI( f~)N)  , VT > O, 

N (3.10) 
Y~(x,t)  >_ O, ~- -~Yi (x , t )= l ,  a.e. xEF/ ,  t > 0 ,  l < i < N .  

i=1 

The proof of Theorem 3.1 will be given in [2]. It consists in approximating equations (1.1) by 
a set of regularized equations for which (1.4) is not required. We prove (1.4) thanks to (3.7) and 
to the properties of the regularized equations, and we pass to the limit. 

4. T H E  F U L L  EQUATIONS 

We now consider the full equations (1.1), (1.2), (1.3). The boundary conditions for v and 0 are 

v i = 0 ,  l < i < n - 1 ,  v n = l a t x n = 0 ,  h, 

Ov,~ (4.1) 
v i = 0 ,  1 < i < n - 1 ,  Ou = O a t x l = O , i ( a n d x 2 = O ,  L i f n = 3 ) ,  

00 
0 = 0 at xn = 0 ,  = 0 at xn = h,  

ozn (4.2) 
00 
0u 0 a t x l = 0 ,  g ( a n d x 2 = 0 , L i f n = 3 ) .  

The initial data  for v and 0 are given 

v(x,O) = vo(x), O(x,O) = 00(x) >_ 0, a.e. x e ft. (4.3) 

THEOREM 4.1. For vo, 0o, Yo given as above, equations (1.1), (1.2), (1.3) and (2.1) supplemented 
by (3.5), (3.9), (4.1)-(4.3), possess a unique solution O, v, Y1, . . . , YN satisfying (3.7), (3.8), (3.10), 
t'or every T > 0 if n = 2. 

I f  n = 3, the solution exists but is not known to be unique. 1 

The proof of Theorem 4.1 is based on Theorem 3.1, using a fixed point method. For (v, 0) 
given, we solve equations (1.1) using Theorem 3.1; we then solve equations (1.2) and (1.3) with 
these values of Y1 . . . .  , YN, and we obtain (~, 0) = T(v ,  0). We then show that  T possesses a fixed 
point; see [2] for more details. 

1We meet  here  t h e  usua l  difficulties re la ted to  t he  Navier-Stokes equa t ions  in space  d imens ion  3, see e.g., [6]. 
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